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In recent years there has been considerable interest in the study
of the dynamic stability of non-gyroscopic conservative elastic sys-
tems whose parameters ﬂuctuate in a stochastic manner. To have a
complete picture of the dynamic stability of a dynamic system, it is
important to study both the almost-sure and the moment stability
and to determine both the maximal Lyapunov exponent and the
pth moment Lyapunov exponent. The maximal Lyapunov expo-
nent, deﬁned by
kq ¼ lim
t!1
1
t
log kqðt; q0Þk; ð1Þ
where qðt; q0Þ is the solution process of a linear dynamical system.
The almost-sure stability depends upon the sign of the maximal
Lyapunov exponent which is an exponential growth rate of the
solution of the randomly perturbed dynamical system. A negative
sign of the maximal Lyapunov exponent implies the almost-sure
stability whereas a non-negative value indicates instability. The
exponential growth rate E qðt; q0; _q0Þk kp
 
is provided by the mo-
ment Lyapunov exponent deﬁned as
KqðpÞ ¼ lim
t!1
1
t
log E qðt; q0Þk kp
 
; ð2Þ
where E½  denotes the expectation. If KqðpÞ < 0, then, by deﬁnition
E qðt; q0; _q0Þk kp
 ! 0 as t !1 and this is referred to as the pth mo-
ment stability. Although the moment Lyapunov exponents arell rights reserved.
: +381 18 588 244.important in the study of the dynamic stability of the stochastic
systems, the actual evaluations of the moment Lyapunov exponents
are very difﬁcult. Arnold et al. (1997) constructed an approximation
for the moment Lyapunov exponents, the asymptotic growth rate of
the moments of the response of a two-dimensional linear system
driven by real or white noise. A perturbation approach was used
to obtain explicit expressions for these exponents in the presence
of small intensity noises. Khasminskii and Moshchuk (1998) ob-
tained an asymptotic expansion of the moment Lyapunov expo-
nents of a two-dimensional system under white noise parametric
excitation in terms of the small ﬂuctuation parameter e, from which
the stability index was obtained. Kozic´ et al. (2008) investigated the
Lyapunov exponent and moment Lyapunov exponent of Hill’s equa-
tion with frequency and damping coefﬁcient ﬂuctuated by white
noise. The method of regular perturbation was used to obtain expli-
cit expressions for these exponents in the presence of small inten-
sity noises. Xie (2001) obtained weak noise expansions of the
moment Lyapunov exponents of a two-dimensional system under
real noise excitation, an Ornstein–Uhlenbeck process. Sri
Namachchivaya et al. (1994) used a perturbation approach to calcu-
late the asymptotic growth rate of a stochastically coupled two-de-
gree-of-freedom system. The noise was assumed to be white and of
small intensity in order to calculate the explicit asymptotic formu-
las for the maximum Lyapunov exponent. Jinyu Zhu et al. (2008)
studied and established the conditions for the dynamic stability of
a four-dimensional system under real noise excitation through the
determination of the pth moment Lyapunov exponent. For small
noise amplitudes, a method of regular perturbation was used to
determine analytical expansions of the moment Lyapunov expo-
nents and Lyapunov exponent, which were shown to be in good
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Namachchivaya and Van Roessel (2004) used a perturbation ap-
proach to obtain an approximation for the moment Lyapunov expo-
nents of two coupled oscillators with commensurable frequencies
driven by small intensity real noise with dissipation. The generator
for the eigenvalue problem associated with the moment Lyapunov
exponents was derived without any restriction on the size of pth
moment.
The aim of this paper is to determine a weak noise expansion for
the moment Lyapunov exponents of the four-dimensional stochas-
tic system. The noise is assumed to be white noise of small inten-
sity such that one can obtain an asymptotic growth rate. We apply
the perturbation theoretic approach given in Khasminskii and
Moshchuk (1998) to obtain second-order weak noise expansions
of the moment Lyapunov exponents. The Lyapunov exponent is
then obtained using the relationship between the moment Lyapu-
nov exponents and the Lyapunov exponent. These results are ap-
plied to study the pth moment stability and almost-sure stability
of a double-beam system under compressive axial loading. It is as-
sumed that the two beams of the system are simply supported and
continuously joined by a Winkler elastic layer. The motion of the
beams is governed by the partial differential equations Zhang
et al. (2008). The approximate analytical results of the moment
Lyapunov exponents are compared with the numerical values ob-
tained by the Monte Carlo simulation approach for these expo-
nents of four-dimensional stochastic system.2. Theoretical formulation
Consider linear oscillatory systems described by equations of
motion of the form
d2q1
dt2
þx21q1 þ eb1
dq1
dt
þ eH1ðq1  q2Þ  e1=2K1nðtÞq1 ¼ 0;
d2q2
dt2
þx22q2 þ eb2
dq2
dt
 eH2ðq1  q2Þ  e1=2K2nðtÞq2 ¼ 0;
ð3Þ
where q1; q2 are generalized coordinates, x1; x2 are natural fre-
quencies and eb1; eb2 represent small viscous damping coefﬁcients.
The stochastic term e1=2nðtÞ is a white-noise process with small
intensity. The almost-sure and moment stability of the equilibrium
state q ¼ _q ¼ 0 of Eq. (3) is to be investigated. Using the transforma-
tion q1 ¼ x1; _q1 ¼ x1x2; q2 ¼ x3; _q2 ¼ x2x4 the above equation (3)
can be represented in the ﬁrst-order form by Stratonovich differen-
tial equations
d
dt
x1
x2
x3
x4
8>><
>>:
9>>=
>>;
¼
0 x1 0 0
x1  eh1 eb1 eh1 0
0 0 0 x2
eh2 0 x2  eh2 eb2
2
6664
3
7775
x1
x2
x3
x4
8>><
>>:
9>>=
>>;
dt
þ ﬃﬃep
0 0 0 0
k1 0 0 0
0 0 0 0
0 0 k2 0
2
6664
3
7775
x1
x2
x3
x4
8>><
>>:
9>>=
>>;
 dnðtÞ; ð4Þ
where h1 ¼ H1=x1; h2 ¼ H2=x2; k1 ¼ K1=x1; k2 ¼ K2=x2, nðtÞ is
the white-noise process with zero mean and autocorrelation
function
Rnnðt1; t2Þ ¼ E½nðt1Þnðt2Þ ¼ r2dðt2  t1Þ; ð5Þ
where r is the intensity of the random process nðtÞ; dð Þ is the Dirac
delta function and E½  denotes expectation.
Applying the transformationx1 ¼ a cosu cos h1; x2 ¼ a cosu sin h1; 0 6 h1 6 2p;
0 6 h2 6 2p; 0 6 u 6 p=2;
x3 ¼ a sinu cos h2; x4 ¼ a sinu sin h2;
P ¼ ap ¼ ðx21 þ x22 þ x23 þ x24Þp=2;  /< p </;
ð6Þ
and employing Itô’s differential rule, yields the following set of Itô
equations for the pth power of the norm of the response and phase
variables ðh1; h2;uÞ. In the above transformations, a represents the
norm of the response, h1 and h2 are the angles of the ﬁrst and
second oscillators, respectively, and u describes the coupling or ex-
change of energy between the ﬁrst and second oscillator
dh1 ¼ m1ðh1; h2;uÞdt þ r11ðh1; h2;uÞdWðtÞ;
dh2 ¼ m2ðh1; h2;uÞdt þ r21ðh1; h2;uÞdWðtÞ;
du ¼ m3ðh1; h2;uÞdt þ r31ðh1; h2;uÞdWðtÞ;
dP ¼ Pm4ðh1; h2;uÞdt þ Pr41ðh1; h2;uÞdWðtÞ:
ð7Þ
Here WðtÞ is the standard Weiner process and
m1ðh1; h2;uÞ ¼ x1  e b12 sin 2h1 þ e h12 ð1þ cos 2h1
2 cos h1 cos h2tguÞ  e k
2
1r
2
8 ð2 sin2h1 þ sin 4h1Þ;
r11ðh1; h2;uÞ ¼ 
ﬃﬃ
e
p
k1r cos2 h1;
ð8Þ
m2ðh1; h2;uÞ ¼ x2  e b22 sin 2h2 þ e h22 ð1þ cos 2h2
2 cos h1 cos h2 cotuÞ  e k
2
2r
2
8 ð2 sin2h2 þ sin 4h2Þ;
r21ðh1; h2;uÞ ¼ 
ﬃﬃ
e
p
k2r cos2 h2;
ð9Þ
m3ðh1; h2;uÞ ¼ e h14 2 1 cos 2uð Þ sin h1 cos h2  sin 2u sin 2h1½ 
n
þ b14 ð1 cos 2h1Þ sin 2uþ h24
 2 1þ cos 2uð Þ cos h1 sin h2 þ sin 2u sin 2h2½ 
 b24 ð1 cos 2h2Þ sin 2u
þ r264 4k
2
1ð1þ 2 cos 2h1 þ cos 4h1Þ sin 2u
h
þ k21ð1 cos 4h1Þ sin 4u 4k1k2 sin 2h1 sin 2h2 sin 4u
þ 4k22ð1þ 2 cos 2h2 þ cos 4h2Þ sin 2u
þ k22ð1 cos 4h2Þ sin 4u
io
;
r31ðh1; h2;uÞ ¼
ﬃﬃ
e
p r
4 k1 sin 2h1  k2 sin 2h2ð Þ sin 2u;
ð10Þ
m4ðh1; h2;uÞ ¼ e p4 h1 ð1þ cos 2uÞ sin 2h1  2 sin 2u cos h2 sin h1½ h
 b1ð1þ cos 2uÞð1 cos 2h1Þ
þ h2 ð1 cos 2uÞ sin 2h2  2 sin 2u cos h1 sin h2½ 
 b2ð1 cos 2uÞð1 cos 2h2Þ
þ r2k2132 10þ 3pþ 16 cos 2h1  3ðp 2Þ cos 4h1½ f
þ ½8þ 4pþ 16 cos 2h1  4ðp 2Þ cos 4h1 cos 2u
þ ðp 2Þð1 cos 4h1Þ cos 4ug þ r2k1k28 ðp 2Þ
 ð1 cos 4uÞ sin 2h1 sin 2h2 þ r
2k22
32
 10þ 3pþ 16 cos 2h2  3ðp 2Þ cos 4h2½ f
 ½8þ 4pþ 16 cos 2h2  4ðp 2Þ cos 4h2
 cos 2uþ ðp 2Þð1 cos 4h2Þ cos 4ugi;
r41ðh1; h2;uÞ ¼ 
ﬃﬃ
e
p pr
4 ½k1ð1þ cos 2uÞ sin 2h1 þ k2ð1 cos 2uÞ sin 2h2:
ð11Þ
Following Wedig (1988), we perform the linear stochastic
transformation
S ¼ Tðh1; h2;uÞP; P ¼ T1ðh1; h2;uÞS ð12Þ
introducing the new norm process S by means of the scalar function
Tðh1; h2;uÞ which is deﬁned on the stationary phase processes
h1; h2 and u in the ranges 0 6 h1 6 2p; 0 6 h2 6 2p; 0 6 u 6 p=2.
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2
T 00h1h1r
2
11 þ T 00h1h2r11r21 þ T
00
h1ur11r31 þ
1
2
T 00h2h2r
2
21 þ T 00h2ur21r31

þ 1
2
Tuur231 þ m1 þ r11r41ð ÞT 0h1 þ m2 þ r21r41ð ÞT
0
h2
þ m3 þ r31r41ð ÞT 0u
þ m4Tdt þ P T 0h1r11 þ T
0
h2
r21 þ T 0ur31 þ Tr41
 
dWðtÞ: ð13Þ
If the transformation function Tðh1; h2;uÞ is bounded and non-sin-
gular, both processes P and S possess the same stability behavior.
Therefore, transformation function Tðh1; h2;uÞ is chosen so that
the drift term, of the Itô differential Eq. (13), does not depend on
the phase processes h1; h2 and u, so that
dS ¼ KðpÞSdt þ ST1 T 0h1r11 þ T
0
h2
r21 þ T 0ur31 þ Tr41
 
dWðtÞ:
ð14Þ
Comparing Eqs. (13) and (14), it can be seen that such transforma-
tion function Tðh1; h2;uÞ is given by the following equation:
L0 þ eL1½ Tðh1; h2;uÞ ¼ KðpÞTðh1; h2;uÞ: ð15Þ
Here L0 and L1 are the following ﬁrst and second-order differential
operators:
L0 ¼ x1 ooh1 þx2
o
oh2
; L1 ¼ a1ðh1; h2;uÞ o
2
oh21
þ a2ðh1; h2;uÞ o
2
oh1oh2
þ a3ðh1; h2;uÞ o
2
oh1ou
þ a4ðh1; h2;uÞ o
2
oh22
þ a5ðh1; h2;uÞ o
2
oh2ou
þ a6ðh1; h2;uÞ o
2
ou2
þ b1ðh1; h2;uÞ ooh1 þ b2ðh1; h2;uÞ
o
oh2
þ b3ðh1; h2;uÞ oouþ cðh1; h2;uÞ;
ð16Þ
where
a1ðh1; h2;uÞ ¼12 k
2
1r
2 cos4 h1; a2ðh1; h2;uÞ ¼ 0;
a3ðh1; h2;uÞ ¼  k1r
2
4
k1 sin 2h1  k2 sin 2h2ð Þ cos2 h1 sin 2u;
a4ðh1; h2;uÞ ¼12 k
2
2r
2 cos4 h2;
a5ðh1; h2;uÞ ¼  k2r
2
4
k1 sin 2h1  k2 sin 2h2ð Þ cos2 h2 sin 2u;
a6ðh1; h2;uÞ ¼r
2
32
k1 sin 2h1  k2 sin 2h2ð Þ2 sin2 2u; ð17Þ
b1ðh1;h2;uÞ¼12b1 sin2h1þ
1
2
h1ð1þcos2h12cosh1 cosh2tguÞ
k
2
1r2
8
ð2sin2h1þsin4h1Þþk1r
2p
4
½k1ð1þcos2uÞsin2h1
þk2ð1cos2uÞsin2h2cos2 h1;
b2ðh1;h2;uÞ¼12b2 sin2h2þ
1
2
h2ð1þcos2h22cosh1 cosh2cotuÞ
k
2
2r2
8
ð2sin2h2þsin4h2Þþk2r
2p
4
½k1ð1þcos2uÞsin2h1
þk2ð1cos2uÞsin2h2cos2 h2;
b3ðh1;h2;uÞ¼h14 ½2ð1cos2uÞsinh1 cosh2sin2usin2h1
þb1
4
ð1cos2h1Þsin2uþh24 2 1þcos2uð Þcosh1 sinh2½
þsin2usin2h2b24 ð1cos2h2Þsin2u
þr
2
64
½4k21ð1þ2cos2h1þcos4h1Þsin2u
þk21ð1cos4h1Þsin4u4k1k2 sin2h1sin2h2 sin4u
þ4k22ð1þ2cos2h2þcos4h2Þsin2u
þk22ð1cos4h2Þsin4u
r2p
16
k1 sin2h1ð
k2 sin2h2Þ½k1ð1þ2cos2uÞsin2h1
þk2ð1cos2uÞsin2h2sin2u; ð18Þcðh1; h2;uÞ ¼ p4 h1 ð1þ cos 2uÞ sin 2h1  2 sin 2u cos h2 sin h1½ h
 b1ð1þ cos 2uÞð1 cos 2h1Þ þ h2 ð1 cos 2uÞ sin 2h2½
 2 sin2u cos h1 sin h2  b2ð1 cos 2uÞð1 cos 2h2Þ
þ r
2k21
32
10þ 3pþ 16 cos 2h1  3ðp 2Þ cos 4h1½ f
þ 8þ 4pþ 16 cos 2h1  4ðp 2Þ cos 4h1½  cos 2u
þ ðp 2Þð1 cos 4h1Þ cos 4ug
þ r
2k1k2
8
ðp 2Þð1 cos 4uÞ sin 2h1 sin 2h2
þ r
2k22
32
10þ 3pþ 16 cos 2h2  3ðp 2Þ cos 4h2½ f
 ½8þ 4pþ 16 cos 2h2  4ðp 2Þ cos 4h2 cos 2u
þ ðp 2Þð1 cos 4h2Þ cos 4ugi: ð19Þ
Eq. (15) deﬁnes an eigenvalue problem for a second-order differen-
tial operator of three independent variables, in which KðpÞ is the
eigenvalue and Tðh1; h2;uÞ the associated eigenfunction. From Eq.
(14), the eigenvalue KðpÞ is seen to be the Lyapunov exponent of
the pth moment of system (4), i.e., KðpÞ ¼ KxðtÞðpÞ. This approach
was ﬁrst applied by Wedig (1988) to derive the eigenvalue problem
for the moment Lyapunov exponent of a two-dimensional linear Itô
stochastic system. In the following section, the method of regular
perturbation is applied to the eigenvalue problem (14) to obtain a
weak noise expansion of the moment Lyapunov exponent of a
four-dimensional stochastic linear system.
3. Weak noise expansion of the moment Lyapunov exponent
Applying the method of regular perturbation, both the moment
Lyapunov exponent KðpÞ and the eigenfunction Tðh1; h2;uÞ are ex-
panded in power series of e as
KðpÞ ¼ K0ðpÞ þ eK1ðpÞ þ e2K2ðpÞ þ    þ enKnðpÞ þ    ;
Tðh1; h2;uÞ ¼ T0ðh1; h2;uÞ þ eT1ðh1; h2;uÞ
þ e2T2ðh1; h2;uÞ þ    þ enTnðh1; h2;uÞ þ    :
ð20Þ
Substituting the perturbation series (20) into the eigenvalue prob-
lem (15) and equating terms of the equal powers of e leads to the
following equations:
e0 : L0T0ðh1; h2;uÞ ¼ K0ðpÞT0ðh1; h2;uÞ;
e1 : L0T1ðh1; h2;uÞ þ L1T0ðh1; h2;uÞ ¼ K0ðpÞT1ðh1; h2;uÞ
þK1ðpÞT0ðh1; h2;uÞ;
e2 : L0T2ðh1; h2;uÞ þ L1T1ðh1; h2;uÞ ¼ K0ðpÞT2ðh1; h2;uÞ
þK1ðpÞT1ðh1; h2;uÞ þK2ðpÞT0ðh1; h2;uÞ;
e3 : L0T3ðh1; h2;uÞ þ L1T2ðh1; h2;uÞ ¼ K0ðpÞT3ðh1; h2;uÞ
þK1ðpÞT2ðh1; h2;uÞ þK2ðpÞT1ðh1; h2;uÞ þK3ðpÞT0ðh1; h2;uÞ
   ;
en : L0Tnðh1; h2;uÞ þ L1Tn1ðh1; h2;uÞ ¼ K0ðpÞTnðh1; h2;uÞ
þK1ðpÞTn1ðh1; h2;uÞ þ    þKnðpÞT0ðh1; h2;uÞ;
ð21Þ
where each function Tiðh1; h2;uÞ; i ¼ 0;1;2; . . . must be positive and
periodic in the range 0 6 h1 6 2p; 0 6 h2 6 2p.
3.1. Zeroth order perturbation
The zeroth order perturbation equation is L1T0 ¼ K0ðpÞT0 or
x1
oT0ðh1; h2;uÞ
dh1
þx2 oT0ðh1; h2;uÞdh2 ¼ K0ðpÞT0ðh1; h2;uÞ: ð22Þ
From the property of the moment Lyapunov exponent, it is known
that
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which results in Knð0Þ ¼ 0 for n ¼ 0;1;2;3; . . .. Since the eigenvalue
problem (22) does not contain p, the eigenvalue K0ðpÞ is indepen-
dent of p. Hence, K0ð0Þ ¼ 0 leads to K0ðpÞ ¼ 0. Then the solutions
of Eq. (22) have a periodic solution if and only if
K0ðpÞ ¼ 0; T0ðh1; h2;uÞ ¼ 1: ð24Þ3.2. First-order perturbation
The ﬁrst-order perturbation equation is
L0T1ðh1; h2;uÞ þ L1T0ðh1; h2;uÞ
¼ K0ðpÞT1ðh1; h2;uÞ þK1ðpÞT0ðh1; h2;uÞ: ð25Þ
Eq. (25) has a periodic solution if and only ifZ p=2
0
Z 2p
0
Z 2p
0
½L1  1K1ðpÞdh1 dh2 du ¼ 0; ð26Þ
so we have
K1ðpÞ ¼ 12p3
Z p=2
0
Z 2p
0
Z 2p
0
cðh1; h2;uÞdh1 dh2 du
¼
k21 þ k22
 
r2
128
pð3pþ 10Þ  p
4
b1 þ b2ð Þ: ð27Þ
Now the ﬁrst-order perturbation equation is reduced to
x1
oT1ðh1; h2;uÞ
dh1
þx2 oT1ðh1; h2;uÞdh2 þ cðh1; h2;uÞ ¼ K1ðpÞ: ð28Þ
Our interest is in the case when the two frequencies are commen-
surable, i.e., there exists a relation of the formm1x1 ¼ m2x2, where
and m2 are integers. The expression for second frequency can then
easily be obtained as x2 ¼ kx1.
Function cðh1; h2;uÞ in Eq. (28) can be written in the form
cðh1; h2;uÞ ¼ K1ðpÞ þ f0ðh1; h2Þ þ f1ðh1; h2Þ cos 2uþ f2ðh1; h2Þ
 cos 4uþ f3ðh1; h2Þ sin 2u: ð29Þ
Each function f0ðh1; h2Þ; f 1ðh1; h2Þ; f 2ðh1; h2Þ; f 3ðh1; h2Þ here is peri-
odic in h1 and h2,
f0ðh1; h2Þ ¼ h1p4 sin 2h1 þ
p
8
ð2b1 þ k21r2Þ cos 2h1
þ h2p
4
sin 2h2 þ p8 ð2b2 þ k
2
2r
2Þ cos 2h2
þ 3k
2
1r2
128
pð2 pÞ cos 4h1 þ 3k
2
2r2
128
pð2 pÞ cos 4h2
 k1k2r
2
32
pð2 pÞ sin 2h1 sin 2h2;
f1ðh1; h2Þ ¼ h1p4 sin 2h1 þ
p
8
ð2b1 þ k21r2Þ cos 2h1
 h2p
4
sin 2h2  p8 ð2b2 þ k
2
2r
2Þ cos 2h2
þ k
2
1r2
32
pð2 pÞ cos 4h1  k
2
2r2
32
pð2 pÞ cos 4h2
 p
32
8ðb1  b2Þ  k21  k22
 
r2ð2þ pÞ
h i
;
f2ðh1; h2Þ ¼  pð2 pÞr
2
128
k21 þ k22
 
þ pð2 pÞr
2
32
sin2h1 sin 2h2
þ pð2 pÞr
2
128
k21 cos 4h1 þ
pð2 pÞr2
128
k22 cos 4h2;
f3ðh1; h2Þ ¼ h1p2 sin 2h1 cos 2h2 
h2p
2
sin 2h2 cos 2h1:
ð30ÞExcept in some special cases, the general solution of Eq. (28) cannot
be obtained explicitly for T1ðh1; h2;uÞ. The nature of the coefﬁcients
of Eq. (28) suggests that a series expansion of the function
T1ðh1; h2;uÞ can be presented in the form
T1ðh1; h2;uÞ ¼ T10ðh1; h2Þ þ T11ðh1; h2Þ cos 2uþ T12ðh1; h2Þ
 cos 4uþ T13ðh1; h2Þ sin 2u: ð31Þ
Substituting Eq. (31) into Eq. (28), and equating terms of the equal
trigonometry function to give next partial differential equations,
x1
oT1iðh1; h2Þ
oh1
þx2 oT1iðh1; h2Þoh2 þ fiðh1; h2Þ ¼ 0; i ¼ 0;1;2;3:
ð32Þ
Then, after a lengthy calculation, we get
T10ðh1; h2Þ ¼  pð2b1 þ k
2
1r2Þ
16x1
sin 2h1 þ h1p8x1 cos 2h1
 pð2b2 þ k
2
2r2Þ
16kx1
sin 2h2 þ h2p8kx1 cos 2h2
 3k
2
1pð2 pÞr2
512x1
sin 4h1  3k
2
2pð2 pÞr2
512kx1
sin 4h2
þ k k1k2pð2 pÞr
2
64ð1 k2Þx1
sin 2h1 cos 2h2
 k1k2pð2 pÞr
2
64ð1 k2Þx1
sin 2h2 cos 2h1 þ C1ðh2  kh1Þ;
T11ðh1; h2Þ ¼ p½8ðb1  b1Þ  ðk
2
1  k22Þð2þ pÞr2
32x1
h1
 pð2b1 þ k
2
1r2Þ
16x1
sin 2h1 þ h1p8x1 cos 2h1
þ pð2b2 þ k
2
2r2Þ
16kx1
sin 2h2
 h2p
8kx1
cos 2h2  k
2
1pð2 pÞr2
128x1
sin 4h1
þ k
2
2pð2 pÞr2
128kx1
sin 4h2 þ C2ðh2  kh1Þ;
T12ðh1; h2Þ ¼
pð2 pÞ k21 þ k22
 
128x1
h1  k
2
1pð2 pÞr2
512x1
sin 4h1
 k
2
2pð2 pÞr2
512kx1
sin 4h2
 k k1k2pð2 pÞr
2
64ð1 k2Þx1
sin 2h1 cos 2h2
þ k1k2pð2 pÞr
2
64ð1 k2Þx1
sin 2h2 cos 2h1 þ C3ðh2  kh1Þ;
T13ðh1; h2Þ ¼ pðh2  h1kÞr
2
2ð1 k2Þx1
sin h1 sin h2
 pðh1  h2kÞ
2ð1 k2Þx1
cos h1 cos h2 þ C4ðh2  kh1Þ:
ð33Þ
Here C1ðh2  kh1Þ; C2ðh2  kh1Þ; C3ðh2  kh1Þ; C4ðh2  kh1Þ are same
arbitrary functions of two variables for which we make assump-
tions as follows:
Ciðh2  kh1Þ ¼ A1i þ B1i sinð2h2  2kh1Þ þ C1i sinð4h2  4kh1Þ; i ¼ 0;1;2;3:
ð34Þ
Unknown constants A1i; B1i; C1i; i ¼ 0;1;2;3 will be determined so
that each function T1iðh1; h2Þ; i ¼ 0;1;2;3 must be positive and
periodic
P. Kozic´ et al. / International Journal of Solids and Structures 47 (2010) 1435–1442 1439T1ið0; 0Þ ¼ T1ið0;2pÞ ¼ T1ið2p;0Þ ¼ T1ið2p;2pÞ
¼ 0; oT1ið0; 0Þ
oh1
¼ oT1ið2p; 0Þ
oh1
;
oT1ið0;0Þ
oh2
¼ oT1ið0;2pÞ
oh2
; i ¼ 0;1;2;3: ð35Þ
Using the conditions (35), we get constants
A10 ¼ p ðh2 þ h1kÞ8kx1 ; B10 ¼ 0; C10 ¼ 0;
A11 ¼ p ðh2  h1kÞ8kx1 ;
B11 ¼ pp½8ðb1  b2Þ  ðk
2
1  k22Þð2þ pÞr2 cos2 2kp
4 sin2kpð5 cos 2kpþ cos 6kpÞx1 ;
C11 ¼ pp½8ðb1  b2Þ  ðk
2
1  k22Þð2þ pÞr2
32 sin2kpð5 cos 2kpþ cos 6kpÞx1
A12 ¼ 0; B12 ¼
pp k21 þ k22
 
ð2 pÞr2 cos 2kp
16ð3 sin 2kpþ sin 6kpÞx1 ;
C12 ¼ 
pp k21 þ k22
 
ð2 pÞr2
64ð4 sin4kpþ sin 8kpÞx1 ;
A13 ¼ pðh1  h2kÞ
2ð1 k2Þx1
; B13 ¼ 0; C13 ¼ 0:
ð36ÞFig. 1. Geometry of an elastically connected double-beam system.3.3. Second-order perturbation
The equation for the second-order perturbation is
L0T2ðh1; h2;uÞ þ L1T1ðh1; h2;uÞ ¼ K1ðpÞT1ðh1; h2;uÞ þK2ðpÞ: ð37Þ
It is required that function T2ðh1; h2;uÞ is periodic in h1 and h2, so
we have
K2ðpÞ ¼ 12p3
Z p=2
0
Z 2p
0
Z 2p
0
a1ðh1; h2;uÞ o
2T1ðh1; h2;uÞ
oh21
(
þ a2ðh1; h2;uÞ o
2T1ðh1; h2;uÞ
oh1oh2
þ a3ðh1; h2;uÞ o
2T1ðh1; h2;uÞ
oh1ou
þ a4ðh1; h2;uÞ o
2T1ðh1; h2;uÞ
oh22
þ a5ðh1; h2;uÞ o
2T1ðh1; h2;uÞ
oh2oou
þ a6ðh1; h2;uÞ o
2T1ðh1; h2;uÞ
ou2
þ b1ðh1; h2;uÞ oT1ðh1; h2;uÞoh1
þ b2ðh1; h2;uÞ oT1ðh1; h2;uÞoh2 þ b3ðh1; h2;uÞ
oT1ðh1; h2;uÞ
ou
þ cðh1; h2;uÞ K1ðpÞ½ T1ðh1; h2;uÞ

dh1 dh2 du:
ð38Þ
The corresponding results for K2ðpÞobtained after a lengthy calcula-
tion using software Mathematica 6,
K2ðpÞ ¼ K21ðpÞ sin 4kp2þ cos 4kpþK22ðpÞ
cos 4kp
2þ cos 4kp
þK23ðpÞ 12þ cos 4kp ; ð39Þ
inwhich thevaluesK21ðpÞ; K22ðpÞ and K23ðpÞaregiven inAppendixA.
The weak noise expansion of the moment Lyapunov exponent in
thesecond-orderperturbationforoscillatorysystem(3) isobtainedas
KðpÞ ¼ eK1ðpÞ þ eK2ðpÞ þ Oðe3Þ
¼ e pð3pþ 10Þ
128
k21 þ k22
 
r2  p
4
b1 þ b2ð Þ
 	
þ e2K2ðpÞ þ Oðe3Þ:
ð40Þ
The Lyapunov exponent in the second-order perturbation for oscil-
latory system (3) can be obtained from Eq. (40) by using a property
of the moment Lyapunov exponentk¼ dKðpÞ
dp





p¼0
¼ ek1þe2k2þOðe3Þ
¼ e 5
64
k21þk22
 
r21
4
b1þb2ð Þ
 	
þe2 k21 sin4kp2þcos4kpþk22
cos4kp
2þcos4kpþk23
1
2þcos4kp
 
þOðe3Þ:
ð41Þ
The values k21; k22 and k23 are given in Appendix B.4. Application to a double-beam under compressive stochastic
load
The purpose of this section is to present the general results of
the above sections in the context of real engineering applications
and show how these results can be applied to physical problems.
To this end, we consider the transverse vibration instability of a
double-beam system subjected to stochastic compressive axial
loading. It is assumed that the two beams of the system are simply
supported and continuously joined by a Winkler elastic layer. The
motion of the beams is governed by the partial differential equa-
tions Zhang et al. (2008). This theory is based on the assumption
that plane cross-sections of a beam remain plane during ﬂexure
and that the radius of curvature of a bent beam is larger than the
beam’s depth. It is valid only if the ratio of the depth to the length
of the beam is small, both the rotary inertia and shear deformation
should be negligible. Following the Bernoulli–Euler beam theory,
the general equations for transverse vibrations of the elastically
connected beams shown in Fig. 1 are given as follows:
EI1
o4w1
ox4
þ qA1 o
2w1
ot2
þ ed1 ow1ot þ F1ðtÞ
o2w1
ox2
þ eKðw1 w2Þ ¼ 0;
EI2
o4w2
ox4
þ qA2 o
2w2
ot2
þ ed2 ow2ot þ F2ðtÞ
o2w2
ox2
þ eKðw2 w1Þ ¼ 0;
ð42Þ
where F1ðtÞ and F2ðtÞ are stochastically varying static loads,
w1 and w2 are transverse beam deﬂections which are positive if
downward, I1; I2 and A1;A2 are the moments of inertia of the beams
cross-section and the cross-sectional area of the beams, and E and q,
Young’s modulus and the mass density. Thus, EI1; EI2 denote the
bending stiffness of the beams, qA1; qA2 and d1; d2 represent the
mass density and damping coefﬁcients per unit axial length, respec-
tively, and K is the stiffness modulus of a Winkler elastic layer.
If we suppose that both beams have the same length l of the
elastically connected double-beam system and their ends are sim-
ply supported, the boundary conditions are given by
w1ð0; tÞ ¼ w1ðl; tÞ ¼ 0;
o2w1ð0; tÞ
ox2
¼ o
2w1ð0; tÞ
ox2
¼ 0:
ð43Þ
Eq. (42) are difﬁcult to solve in this form, and therefore, an approx-
imate solution can be sought using the same discretizing technique
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considered, the above boundary conditions are satisﬁed by taking,
w1ðx; tÞ ¼ q1ðtÞ sin
p
l
x;
w2ðx; tÞ ¼ q2ðtÞ sin
p
l
x:
ð44Þ
Substituting w1 and w2 from Eq. (44) into the equations of motion
(42) and employing Galerkin method unknown time functions can
be expressed as
€q1 þ e d1qA1
_q1 þ EI1qA1
p4
l4
þ e K
qA1
 p
2
l2qA1
F1ðtÞ
 !
q1  e
K
qA1
q2 ¼ 0;
€q2 þ e d2qA2
_q2 þ EI2qA2
p4
l4
þ e K
qA2
 p
2
l2qA2
F2ðtÞ
 !
q2  e
K
qA2
q1 ¼ 0:
ð45Þ
If we are deﬁned the expressions
x21 ¼
EI1
qA1
p4
l4
; b1 ¼
d1
qA1
; H1 ¼ KqA1 ; K1 ¼
p2
l2qA1
;
x22 ¼
EI2
qA2
p4
l4
; b2 ¼
d2
qA2
; H2 ¼ KqA2 ; K2 ¼
p2
l2qA2
;
k ¼ x2
x1
¼
ﬃﬃﬃﬃ
I2
I1
s
:
ð46Þ
and assume that the compressive axial forces are stochastic white-
noise processes with small intensity
F1ðtÞ ¼ F2ðtÞ ¼ e1=2nðtÞ; ð47Þ
then Eq. (45) is reduced to Eq. (3).
4.1. Moment Lyapunov exponent, Lyapunov exponent and stability
conditions
For the sake of simplicity, we assume, in what follows, that two
beams of the elastically connected double-beam system have the
same cross-sectional area. It follows from the assumption that
H1 ¼ H2 ¼ KqA ; K1 ¼ K2 ¼
p2
l2qA
: ð48Þ
The values for the parameters of the system used in the numerical
calculations are given as follows:
l ¼ 10 m; E ¼ 1 1010 N m2; q ¼ 2 103 kg m3;
K ¼ 2 106 N m2;
A1 ¼ A2 ¼ A ¼ 5 102 m2; I1 ¼ 4 104 m4;
I2 ¼ 254  10
4 m4:
ð49Þ
From expressions (46) the natural frequencies x1 ¼
19:739 s1 and x2 ¼ 24:674 s1 are calculated for the basic parame-
ters characterizing the vibrating system. Using the above result for
themoment Lyapunov exponentKðpÞ ¼ eK1ðpÞ þ Oðe2Þwith the def-
inition of the moment stability KðpÞ < 0 we determine analytically
the pth moment stability boundary of the oscillatory system in the
ﬁrst-order perturbation for various values p ¼ 1;2;4, respectively
d1 þ d2 > 1332 k
2
1 þ k22
 
r2qA;
d1 þ d2 > 12 k
2
1 þ k22
 
r2qA;
d1 þ d2 > 1116 k
2
1 þ k22
 
r2qA:
ð50ÞIt is known that the oscillatory system (3) is asymptotically stable
only if the Lyapunov exponent k < 0. Then expression
k ¼ ek1 þ Oðe2Þ is employed to determine the almost-sure stability
boundary of the oscillatory system in the ﬁrst-order perturbation
d1 þ d2 > 516 k
2
1 þ k22
 
r2qA: ð51Þ
By the same procedure applied to Eq. (40) we determine the mo-
ment stability boundary in the second-order perturbation for the
parameters of the system and for various values of p ¼ 1;2;4,
respectively, by the solution of the following equations:
0:0000797109 0:000251538d1  1:49208 108d21
 0:000248462d2 þ 2:98416 108d1d2
 1:49208 108d22 > 0;
0:000196325 0:000504099d1  3:97887 108d21
 0:000495901d2 þ 7:95775 108d1d2
 3:97887 108d22 > 0;
0:000540538 0:00101229d1  1:19366 107d21
 0:000987713d2 þ 2:38732 107d1d2
 1:19366 107d22 > 0:
ð52Þ
We determine the almost-sure stability boundary in the second-or-
der perturbation by the same procedure applied to Eq. (41) and the
solution of the following equation:
0:000062824 0:000251026d1  9:94718 109d21  0:00024897d2
þ 1:98944 108d1d2  9:94718 109d22 > 0:
ð53Þ5. Numerical determination of the pth moment Lyapunov
exponent and conclusions
The numerical determination of the pth moment Lyapunov
exponent is important in assessing the validity and the ranges of
applicability of the approximate analytical results. For systems of
large dimensions, it is very difﬁcult, if not impossible, to obtain
analytical results. In many engineering applications, the ampli-
tudes of noise excitations are not small and the approximate ana-
lytical methods, such as the method of perturbation or the method
of stochastic averaging, cannot be applied. Therefore, numerical
approaches have to be employed to evaluate the moment Lyapu-
nov exponents. The numerical approach is based on expanding
the exact solution of the system of Itô stochastic differential Eq.
(54) in powers of the time increment h and the small parameter
e as proposed in Milstein and Tret’Yakov (1997). The state vector
of the system (4) is to be rewritten as system of Itô stochastic dif-
ferential equations with small noise in the form
dx1 ¼ x1x2dt ¼ ~a1ðt;XÞ þ e~b1ðt;XÞ
h i
dt þ ﬃﬃep r11ðt;XÞdWðtÞ;
dx2 ¼  x1x1 þ e h1ðx1  x3Þ þ b1x2½ f gdt þ
ﬃﬃ
e
p
rk1x1dWðtÞ
¼ ~a2ðt;XÞ þ e~b2ðt;XÞ
h i
dt þ ﬃﬃep r21ðt;XÞdWðtÞ;
dx3 ¼ x2x4dt ¼ ~a3ðt;XÞ þ e~b3ðt;XÞ
h i
dt þ ﬃﬃep r31ðt;XÞdWðtÞ;
dx4 ¼  x2x3 þ e h2ðx3  x1Þ þ b2x4½ f gdt þ
ﬃﬃ
e
p
rk2x3dWðtÞ
¼ ~a4ðt;XÞ þ e~b4ðt;XÞ
h i
dt þ ﬃﬃep r41ðt;XÞdWðtÞ:
ð54Þ
For the numerical solutions of the stochastic differential equations
(54) the weak Runge–Kutta method with error R ¼ Oðh4 þ e4hÞ
may be applied to evaluate numerically the pth moment E Xk kp .
N is the number of the generated solutions of Eq. (54). The weak
Fig. 3. Variation of the moment Lyapunov exponent KðpÞ for different value e. Solid
line in the ﬁrst, dashed line in the second perturbation dot line – numerical results.
Fig. 2. Stability regions for almost-sure (a-s) and pth moment stability for e ¼ 0:1.
Solid line in the ﬁrst, dashed line in the second perturbation.
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(k + 1)th iteration with tðkþ1Þ  tðkÞ ¼ h, where h is the time step of
integration, is given by Milstein and Tret’Yakov (1997).
Xðkþ1Þj ¼ XðkÞj þ e1=2h1=2 rj1 tðkÞ;XðkÞ
 
nðkÞ þ 6gðkÞ
 h
þ4rj1 tðkþ1=2Þ;XðkÞ þ K22
 
nðkÞ þ rj1 tðkþ1Þ;XðkÞ þ K1
 
 nðkÞ  6gðkÞ
 i.
6þ h ~aj tðkÞ;XðkÞ þ e1=2h1=2rj1 tðkÞ;XðkÞ
 
gðkÞ
h in
 ~aj tðkÞ;XðkÞ  e1=2h1=2rj1 tðkÞ;XðkÞ
 
gðkÞ
h io.
2þ K1 þ 2K2 þ 2K3ð
þK4Þ=6þ eðl1 þ 3l2Þ=4; j ¼ 1;2;3;4;
ð55Þ
where
r1ðt;XÞ¼ r11ðt;XÞ;r21ðt;XÞ;r31ðt;XÞ;r41ðt;XÞ½ ; X¼ x1;x2;x3;x4½ ;
~aðt;XÞ ¼ ~a1ðt;XÞ; ~a2ðt;XÞ; ~a3ðt;XÞ; ~a4ðt;XÞ½ ; ~bðt;XÞ
¼ ~b1ðt;XÞ; ~b2ðt;XÞ; ~b3ðt;XÞ; ~b4ðt;XÞ
h i
;
K1 ¼ ðK11;K12;K13;K14Þ ¼ h  ~a tðkÞ;XðkÞ
h i
; K2 ¼ ðK21;K22;K23;K24Þ
¼ h  ~a tðkþ1=2Þ;XðkÞ þ K1=2
h i
;
K3 ¼ ðK31;K32;K33;K34Þ
¼ h  ~a tðkþ1=2Þ;XðkÞ þ e1=2h1=2r1 tðkÞ;XðkÞ
 
nðkÞ þ K2
2
þ e l1
4
þ e3
4
l2
 	
;
K4 ¼ ðK41;K42;K43;K44Þ
¼ h  ~a tðkþ1Þ;XðkÞ þ e1=2h1=2r1 tðkþ1Þ;XðkÞ þ K1
 
nðkÞ þ K3 þ el1
h i
;
l1 ¼ ðl11; l12; l13; l14Þ ¼ h  ~b tðkÞ;XðkÞ
h i
; l2 ¼ ðl21; l22; l23; l24Þ
¼ h  ~b tðkþ2=3Þ;XðkÞ þ 2
9
K1 þ 49K2
 	
:
and n;g are random variables simulated using the following two-
point distribution:
Pðn ¼ 1Þ ¼ Pðn ¼ 1Þ ¼ 1
2
; Pðg ¼  1ﬃﬃﬃﬃﬃﬃ
12
p Þ ¼ P g ¼ 1ﬃﬃﬃﬃﬃﬃ
12
p
 
¼ 1
2
:
Having obtained N samples of the solutions of the stochastic differ-
ential Eq. (44) the pth moment can be determined as follows:
E Xðkþ1Þ
 ph i ¼ 1
N
XN
s¼1
Xðkþ1Þs
 p; Xðkþ1Þs 
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Xðkþ1Þs
 T
Xðkþ1Þs
 r
: ð56Þ
By the Monte Carlo technique we numerically calculate the pth mo-
ment Lyapunov exponent for all values of p of interest, deﬁned as
KðpÞ ¼ 1
T
lnE XðTÞk kp : ð57Þ
The function KðpÞ in the limit of large time ðT !1Þ tends towards
the moment Lyapunov exponent.
In this paper, the dynamic stability of the class of four-dimen-
sional dynamic systems subjected to parametric excitation in the
stiffness termwhich is described by awhite noise process is studied
by determining the moment Lyapunov exponent and the Lyapunov
exponent. The partial differential eigenvalue problem governing
the moment Lyapunov exponent is established using the theory ofstochastic dynamical systems. Forweak noise excitations, a singular
perturbation method is employed to obtain second-order expan-
sions of the moment Lyapunov exponent. The Lyapunov exponent
is then obtained using the relationship between themoment Lyapu-
nov exponent and the Lyapunov exponent. When the Lyapunov
exponent is negative, system (4) is almost-sure stablewithprobabil-
ity 1, otherwise it is unstable. The results obtained above can be di-
rectly applied to analyse the transverse vibration instability of a
double-beamsystemsubjected to stochastic compressiveaxial load-
ing. For the purpose of illustration, in the numerical study consid-
ered above we choose set system parameters. Fig. 2. shows the
almost-sure and pth moment stability boundaries in the ﬁrst and
second perturbation with respect to the damping coefﬁcients
d1 and d2. Note that themoment stability boundaries aremore con-
servative than the almost-sure boundary. These boundaries become
increasinglymoreconservativeasp increasesas showninFig. 2. Typ-
ical results of the moment Lyapunov exponents KðpÞ for system (4)
given by Eq. (40) in the ﬁrst and second perturbation are shown in
Fig. 3 for various values of e. The accuracy of the approximate analyt-
ical results is validated and assessed by comparing them to the
numerical results. The Monte Carlo simulation approach is usually
1442 P. Kozic´ et al. / International Journal of Solids and Structures 47 (2010) 1435–1442more versatile, especially when the noise excitations cannot be de-
scribed in such a form that can be treated easily using analytical
tools. From the Central Limit Theorem, it iswell known that the esti-
mated pth moment Lyapunov exponent is a random number, with
the mean being the true value of the pth moment Lyapunov expo-
nent and standard deviation equal to np=
ﬃﬃﬃﬃ
N
p
, where np is the sample
standard deviation determined from N samples. Standard deviation
of the estimated pthmoment Lyapunov exponent can be reduced by
increasing the number of samplesN ¼ 4000. The total time of simu-
lation is 5 s and the t ¼ 0:0005 is the time step of integration. Dotted
line represents the plotted numerical results of the pth moment
Lyapunov exponent KðpÞ from the Monte Carlo simulation in Fig. 3
for d1 ¼ 0:3; d2 ¼ 0:4 and various values of e: ¼ 0:05; 0:075; 0:1. It
is observed that the discrepancies between the approximate
analytical and numerical results increase for large values of e.
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Appendix A. Values of K21ðpÞ; K22ðpÞ and K23ðpÞ
K21ðpÞ ¼  pð2þ pÞ
262144ð1þ k2Þkx1
4096ð1þ k2Þðb1  b2Þb1
D
128ð1þ k2Þ 64kk1k2ðb1  b2Þ  4k21ð2þ pÞb2
n
þ k22 ð10þ pÞb1 þ 3ð6þ pÞb2½ 
o
r2
þ 1024k3k1k2ðk21  k22Þð2þ pÞ þ 16kk1k2½k21ð136 62pþ p2Þ
n
þ k22ð120þ 66pþ p2Þ þ k22ð1þ k2Þ½k21ð312 130pþ 15p2Þ
þ k22ð328þ 126p 17p2Þ
o
r4
E
;
K22ðpÞ ¼ p
98304ð1þ k2Þkx1p
3072ð1þ k2Þð2þ pÞp h2½
D
þ kpðb1  b2Þðb1  b2Þ þ f256k k21 þ k22
 
ð2þ pÞð4þ pÞðh1
 kh2Þ  768h1kpð1þ k2Þk21ð10þ 3pÞ þ 384ph2ð1þ k2Þ
 k21ð2þ pÞ2  k22ð4þ pÞð6þ pÞ
h i
þ f768p2kð1þ k2Þðk21  k22Þð2þ pÞ2ðb1  b2Þgr2
 3kð1þ k2Þð2þ pÞp2 2k21k22ð72þ 62pþ 15p2Þ
h
þ k21 þ k22
 
ð56þ 66pþ 17p2Þ
i
r4
E
;
K23ðpÞ ¼ p
49152ð1þ k2Þkx1p
768ð1þ k2Þð2þ pÞp 3h2½
D
þ 4kpðb1  b2Þðb1  b2Þ þ f256k k21 þ k22
 
ð2þ pÞð4þ pÞ
 ðh1  kh2Þ þ 96ph2ð1þ k2Þ 3k21ð2þ pÞ2  k22ð92þ 36p
h
þ 3p2Þ 768h1kð1þ k2Þk21ð10þ 3pÞpþ 768kð1þ k2Þ
 ðk21  k22Þð2þ pÞ2p2ðb1  b2Þgr2  3p2kð1þ k2Þð2þ pÞ
 2k21k22ð72þ 62pþ 15p2Þ þ k21 þ k22
 
ð56þ 66pþ 17p2Þ
h i
r4
E
:Appendix B. Values of k21; k22 and k23
k21 ¼ 1
16384ð1þ k2Þx1p
512b2ð1þ k2Þðb1  b2Þ  32ð1þ k2Þ
n
 32kk1k2ðb1  b2Þ  4k21b2 þ k22ð5b1 þ 9b2Þ
h i
r2
þk2 16kk31ð17þ 16k2Þ  39k21k2ð1þ k2Þ þ 16kk1k22ð15 16k2Þ
h
þ41k32ð1þ k2Þ
i
r4
o
;
k22 ¼ 1
6144ð1þ k2Þkx1p
384pð1þ k2Þðb1  b2Þ h2 þ kpðb1  b2Þ½ 
D
 32f4h2k2 k21 þ k22
 
 3h2pð1þ k2Þðk21  6k22Þ
þ h1k 4ðk21pþ k22Þ þ 15k21pð1þ k2Þ
h i
 6kp2ð1þ k2Þðk21  k22Þðb1  b2Þgr2  3kp2ð1þ k2Þ
 ð7k41  18k21k22 þ 7k42Þr4
E
;
k23 ¼ 1
3072ð1þ k2Þkx1p
96pð1þ k2Þðb1  b2Þ 3h2 þ 4kpðb1  b2Þ½ 
D
 8f16h2k2 k21 þ k22
 
 3h2pð1þ k2Þð3k21  23k22Þ þ 4h1k
 4ðk21pþ k22Þ þ 15k21pð1þ k2Þ
h i
 24kp2ð1þ k2Þðk21  k22Þ
 ðb1  b2Þgr2  3kp2ð1þ k2Þð7k41  18k21k22 þ 7k42Þr4References
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